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Abstract
We will define a new transformation of PDE systems as follows. Given a particular PDE system F ,
there is a new system Fˆ whose solutions are the spaces of elements attached to the solutions ofF . We
will show that the system Fˆ is a second order PDE system in a single unknown. As an application,
we will derive as well a global version of the Drach theorem.
 2003 Elsevier Inc. All rights reserved.
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In his research on PDE systems, Lie considered not only the ordinary points, but also
the set of hyperplanes tangent to a given submanifold (‘elements’ in his terminology). This
way, he gained a more ample point of view [6]. At this time, we will continue with this
idea to obtain a new kind of transformation of PDE systems. This goes as follows: Given
a PDE system F it is possible to construct a new system Fˆ whose solutions are the spaces
of elements attached to the solutions of F . Specifically, Fˆ will be determined by a suitable
set of 1-jets of Lagrangian submanifolds (see below).
On the other hand, we will show how Fˆ can be naturally understood as a second order
PDE system. Let us first outline an explanation: It is well known, that a first order PDE sys-
tem in a single unknown, which does not explicitly appear, is a submanifold of a symplectic
manifold E [7,8]. Similarly, we propose a second order PDE system in a single unknown,
which does not explicitly appear, as a submanifold of the space of 1-jets of Lagrangian
submanifolds of E. This geometric structure seems to be very appropriate in order to study
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and all the geometry involved is invariant under symplectic transformations.
As an application, the correspondenceF  Fˆ will allow us to obtain a generalized and
global version of the Drach theorem. In other words, any PDE system is equivalent to a
second order PDE system in a single unknown which does not explicitly appear.
The basic tool we will use in order to define the mentioned correspondence represents
a quite recent theory of jets from which we will take just the more basic notions. That
theory relies essentially on a change of perspective: jets on a manifold M are ideals of the
ring C∞(M) [15]. This point of view is close to the theory of Weil bundles [17] (refer to
[4,5,9–14] for its applications).
Notation and conventions. In the entirety of this paper, M will be a smooth manifold of
dimension n and ‘submanifold’ will mean ‘locally closed submanifold.’ When S is a closed
submanifold of M , IS will be the ideal of C∞(M) consisting of the functions vanishing
on S. In case of S being only locally closed, we should replace M by the open set U into
which S is a closed submanifold. Nevertheless, for simplicity in the exposition, that will
be implicitly understood.
1. Jets of submanifolds
Let us consider the following objects: an m-dimensional submanifold S ⊂M , its as-
sociated ideal IS ⊂ C∞(M), and a point x ∈ S. The class of the submanifolds having a
contact of order 1 with S at x is naturally identified with the ideal
j1x S
def= IS +m2x ⊂ C∞(M),
where mx is the maximal ideal attached with x .
In addition, C∞(M)/j1x S is isomorphic to the ring R1m = R[1, . . . , m]/m2 where
1, . . . , m are undetermined variables, and m is the maximal ideal generated by them.
Conversely, each ideal p of C∞(M), such that C∞(M)/p 	 R1m satisfies p = j1x S for the
appropriate S and x .
Definition 1.1. A m-dimensional 1-jet (or (m,1)-jet) of M is, by definition, an ideal p ⊂
C∞(M) such that C∞(M)/p	R1m. The set of (m,1)-jets of M will be denoted by J 1mM .
The following map is derived:
π1 :J
1
mM→M, p= j1x S → π1(p)= x
(in fact, x is determined by the condition p⊂mx ).
Let us select a local chart {x1, . . . , xn} defined around x ∈M , and let us suppose p =
j1x S. We can assume that the first m coordinates parametrize S,
xm+j = φj (x1, . . . , xm), 1 j  n−m
(in this case, we will say that p is regular on x1, . . . , xm).
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
xi(p)= xi(x), 1 i m,
yj (p)= xm+j (x), 1 j  n−m,
yji(p)= ∂φj∂xi (x), 1 i m, 1 j  n−m,
determines a local chart on J 1mM .
Remark 1.2. We can think of the xi’s as the ‘independent variables,’ the yj ’s as the ‘depen-
dent variables’ and the yji ’s as the ‘derivatives.’ However, no previous fibering is supposed
on M . Indeed, each section of a fiber bundle M →X, dimX =m, defines a submanifold
of M and the space of jets of sections J 1(X,M) is an open subset of J 1mM (see [11]).
Definition 1.3. The 1-jet prolongation of an m-dimensional submanifold S ⊂ M is, by
definition, the subset
j1S
def=
⋃
x∈S
j1x S ⊂ J 1mM.
If the local equations of S are xm+j = φj (x1, . . . , xm), then j1S is given by yj =
φj (x1, . . . , xm), yji = ∂φj/∂xi .
Finally, note that, given a jet p, the set dxp= {dxf | f ∈ p} ⊂ T ∗x M is generated by the
covectors
dxyj −
m∑
i=1
yji(p)dxxi, 1 j  n−m.
Remark 1.4. By looking at the generators of dxp, we realize that the contact system on
J 1mM can be defined simply by means of π∗1 dxp, where π
∗
1 denotes the pull-back T
∗
x M→
T ∗p J 1mM . Indeed, that property is not accidental; it holds (in the appropriate sense) for
higher order jets and it is essentially due to the following fact: the tangent spaces TpJ 1mM
are canonically identified with classes of derivations from C∞(M) to C∞(M)/p (see [1]).
2. Second order PDE in a single unknown
Let (E,ω2) be a 2n-dimensional symplectic manifold, and let us consider the jet space
J 1nE. Recall that a system of local coordinates {Xt,Pt }, 1 t  n, is named canonical if
ω2 =
∑
t
dPt ∧ dXt .
A Lagrangian submanifold is, by definition, an n-dimensional submanifoldZ ⊂E such
that
ω2|Z = 0
(as usual, the vertical bar denotes ‘restriction’).
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{Xt,Pt } and a differentiable function V = V (X1, . . . ,Xn) such that the local equations of
Z become
Pt = ∂V
∂Xt
, 1 t  n.
This way, in jet coordinates {Xt,Pt ,Ptr}, the jet j1e Z ∈ J 1nE at e ∈ Z is given by equa-
tions
Pt = ∂V
∂Xt
(x), Ptr = ∂
2V
∂Xt∂Xr
(x), 1 t, r  n.
As a consequence, Ptr = Prt for all 1 t, r  n. Conversely, if a jet q= (Xt ,Pt ,Ptr )
satisfies Ptr = Prt , it is easy to see that q is the 1-jet of a Lagrangian submanifold. In
conclusion,
Lemma 2.1. Let us denote by J 1LE the set of 1-jets of Lagrangian submanifolds of E. Then
J 1LE is a submanifold of J 1nE of dimension 2n +
(
n+1
2
)
. In the above notation, the local
equations of J 1LE are given by Ptr = Prt .
Remark 2.2. Note that
q ∈ J 1LE ⇔ ω2,e|TeZ = 0 ⇔ ω2,e ∈ deq∧ T ∗e E,
where q = j1e Z and e = π1(q) ∈ E. This characterizes the jets q ∈ J 1LE without the need
of choosing a representative submanifold ‘Z.’
Remark 2.3. Consider the case E = T ∗M; then the second order cotangent bundle T ∗,2M
equals the intersection of J 1LT
∗M with J 1(M,T ∗M) within J 1n T ∗M .
Corollary 2.4. Let Z be an n-dimensional submanifold of E. Then,
j1Z ⊂ J 1LE ⇔ Z is a Lagrangian submanifold.
Proof. We can assume Z given by Pt = Φt(X1, . . . ,Xn), 1  t  n, in a system of lo-
cal canonical coordinates {Xt,Pt } for suitable functions Φt . The hypothesis j1Z ⊂ J 1LE
means that
∂Φt
∂Xr
= ∂Φr
∂Xt
and therefore ω2|Z =∑t dΦt ∧ dXt = 0. ✷
As it is well known, a first order PDE system in a single unknown, which does not
appear explicitly, can be defined by means of a submanifold of a symplectic manifold,
usually a cotangent bundle (see [7,8]). Similarly,
Definition 2.5. A second order PDE system with a single unknown (which do not explicitly
appear) is, by definition, a submanifold E ⊂ J 1LE. A solution of E is any Z ⊂ E such that
j1Z ⊂ E .
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submanifold of E. By the above corollary, j1Z ⊂ J 1LE occurs if and only if there is a
function V = V (X1, . . . ,Xn) such that the local equations of Z are
Pt = ∂V
∂Xt
.
Let Fβ(Xt ,Pt ,Ptr )= 0 be the set of local equations of E , where β runs over a finite set
of indices B . This way, j1Z ⊂ E if and only if
Fβ
(
Xt,
∂V
∂Xt
,
∂2V
∂Xt∂Xr
)
= 0, β ∈B.
3. Jets of spaces of elements
Let π :T ∗M →M be the cotangent bundle of M , θ its Liouville 1-form and S ⊂M ,
dimS =m. Consider the bundle S∗ on S whose fiber at each point x ∈ S is
S∗x = {dxf | f ∈ IS} = dxIS ⊂ T ∗x M.
Each point of S∗ determines an hyperplane tangent to S. This is why, following the
terminology of Lie, we will call S∗ the space of elements of S. Note that S∗ is also known
as the conormal bundle of S.
In addition, S∗ is a Lagrangian submanifold of T ∗M . Thus we obtain a map
{submanifolds S ⊂M} {Lagrangian submanifolds S∗ ⊂ T ∗M}.
Let S be locally given by the equations
xm+j = φj (x1, . . . , xm), 1 j  n−m, (3.1)
where {x1, . . . , xn} is a local chart on M . As usual, this chart induces a new one,
{x1, . . . , xn,p1, . . . , pn}, on T ∗M .
Then S∗ is locally given by
{
xm+j = φj (x1, . . . , xm), 1 j  n−m,
pi =−∑j pm+j ∂φj∂xi , 1 i m. (3.2)
Next, we will analyze the 1-jets of the spaces S∗.
Let σx ∈ S∗ and consider the jet j1σx S∗ ∈ J 1n T ∗M which, as an ideal, corresponds to
IS∗ +m2σx ⊂ C∞(T ∗M).
The same way, j1x S ∈ J 1mM is the ideal IS +m2x ⊂ C∞(M) and the following relations
are derived:
(1) (IS∗ +m2σx )∩ C∞(M)= IS +m2x ,
(2) σx ∈ dxIS = dx(IS +m2x),
(3) j1σ S∗ ∈ J 1T ∗M ,x L
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π :T ∗M→M .
These relations lead to the following definition.
Definition 3.1. Let π :T ∗M→M be the cotangent bundle of M and m n= dimM . We
will define the space of jets of m-elements as the set of the jets q ∈ J 1n T ∗M such that
(1) q∩ C∞(M)= p is a jet in J 1mM ,
(2) π1(q) ∈ dxp,
(3) q ∈ J 1LT ∗M
(where π1 is the projection J 1n T ∗M → T ∗M and x = π ◦ π1(q)). We will denote it by
Γ 1mM .
Remark 3.2. Condition (1) is equivalent to dσxq∩ T ∗x M = dxp, where σx = π1(q) and we
implicitly assume the pull-back T ∗x M→ T ∗σxT ∗M .
Local computations show that Γ 1mM is a submanifold of J 1LT ∗M (see Remark 4.5).
According to Section 2, Γ 1mM can be considered as a second order PDE system. Let us
describe its solutions.
On one side, from its own construction, j1S∗ ⊂ Γ 1mM , for every S ⊂M . On the other
side, the converse is also true. That is:
Lemma 3.3. Let Z be a n-dimensional submanifold of T ∗M . If j1Z ⊂ Γ 1mM then S =
π(Z) is an m-dimensional submanifold of M and Z is an open subset of S∗.
Proof. Let q= j1σxZ and p= q∩C∞(M). We can express p as p= IS+m2x for any suitable
submanifold S. Thus dσx IZ ∩ T ∗x M = dxIS which is, by definition, the subspace incident
to π∗TσxZ. In other words, π∗TσxZ equals TxS (which has dimension m). As a result we
obtain that the dimension of π∗TσxZ is constant and therefore, π(Z) is an m-dimensional
submanifold of M . Let us denote π(Z) by S.
Finally, each point σx ∈Z belongs to the space of elements S∗ because σx = π1(j1σxZ) ∈
dxp = dxIS (condition (2) in Definition 3.1). The proof is finished since, both, Z and S∗
are n-dimensional. ✷
Remark 3.4. Condition (3) in Definition 3.1 is, in a sense, redundant. As a matter of fact, in
the above proof we just used conditions (1) and (2). Then a solution Z of the equation given
by (1), (2) automatically satisfies j1Z ⊂ J 1LT ∗M , because any S∗ is Lagrangian. However,
the system (1), (2) would be not completely integrable if it contains points outside J 1LT ∗M .
4. The Drach correspondence
In this section we will associate a new PDE system Fˆ with any first order PDE system
F on M . Fˆ will be such that, if S is a solution of F , then S∗ is a solution of Fˆ .
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unknown functions (as mentioned, dimM = n). Let us denote by
γ :Γ 1mM→ J 1mM
the map sending q ∈ Γ 1mM to the jet γ (q) = q ∩ C∞(M). We define the Drach system
associated with F to be
Fˆ = γ−1(F)⊂ Γ 1mM.
The following statement is our main result.
Theorem 4.2. The PDE systems F and Fˆ are equivalent.
Proof. From the previous definitions, it follows that S∗ is a solution of Fˆ if S ⊂M is a
solution of F .
Conversely, let Z be a solution of Fˆ . This is, j1Z ⊂ Fˆ . From Lemma 3.3 we derive that
Z is an open subset of S∗ where S = π(Z) is an m-dimensional submanifold of M . Thus,
j1S = γ (j1Z)⊂ γ (Fˆ)⊂F . In other words, S is a solution of F . ✷
Remark 4.3. The set of 1-forms F∗ =⋃p∈F dxp (which equals the projection of Fˆ onto
T ∗M) provides us with a first order PDE in a single unknown function. F∗ contains im-
portant information about F . This theory (‘Lie correspondences’) was introduced in [4,5]
and applied on some interesting PDE systems.
By using the inclusions J kmM ⊂ J 1mJ k−1m M (see, for example, [11]), any PDE system
can be reduced to a first order one. This way, Theorem 4.2 has the following consequence
which is the global version of the Drach theorem [3] (see also [16, Chapter 5]).
Corollary 4.4. Any PDE system is equivalent to a second order PDE system in a single
unknown which does not explicitly appear.
4.1. Local computations
In order to see how the Drach correspondence looks like, we will give the local compu-
tation.
Let us select a local chart {x1, . . . , xn} defined in a neighborhood of x ∈M . As usual,
a new chart {x1, . . . , xn,p1, . . . , pn} is induced on T ∗M in such a way that the Liouville
1-form is written as θ =∑i pi dxi.
4.1.1. Jet coordinates
Let q = j1σxZ ∈ J 1mT ∗M and p = γ (q) = j1x S. Because TσxZ is the tangent space of
a Lagrangian submanifold, there are complementary families of indices I and K (I ∪
K = {1, . . . , n}) such that {xi,pk}i∈I,k∈K provides Z with a system of coordinates in a
neighborhood of σx (see [2]). In addition, we can suppose I = {1, . . . ,m} and K = {m+1,
. . . , n}. For simplicity, we take J = {1, . . . , n − m}, so that ‘K = m + J .’ This way we
obtain that q is regular on {xi,pm+j }i∈I,j∈J (see Section 1).
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As a consequence, in a neighborhood of q= j1σxZ we can use the jet coordinates
{xi,pm+j ,pi, yj ,pir ,pim+j , yji, yjm+h}, i, r ∈ I, j, h ∈ J.
Thus {xi,pm+j } are the ‘independent’ variables, {pi, yj } the ‘dependent’ variables and the
remainder ones are the ‘derivatives.’
On the other hand, it is easily derived that p= γ (q) is regular on {xi}i∈I ; so in a neigh-
borhood of p we can use the jet coordinates
{xi, yj , yji}, i ∈ I, j ∈ J,
where the bar in yji is just added in order to distinguish yji from the coordinate yji on
J 1n T
∗M .
Note that dθ =∑i∈I dpi∧dxi−∑j∈J dyj∧dpm+j . Thus, {xi,pm+j ,pi ,−yj } defines
a system of canonical coordinates.
4.1.2. Condition (1) in Definition 3.1
In the above notation, the set dxp is generated by dyj −∑r∈I yjr dxr , j ∈ J . Simi-
larly, dσxq is generated by dpi−
∑
s∈I pis dxs−
∑
l∈J pim+l dpm+l , dyk−
∑
s∈I yks dxs−∑
l∈J ykm+l dpm+l , i ∈ I , k ∈ J . Therefore, condition dσxq∩T ∗x M = dxp (see Remark 3.2)
implies
dyj −
∑
r∈I
yjr dxr =
∑
i∈I
λi
(
dpi −
∑
s∈I
pis dxs −
∑
l∈J
pim+l dpm+l
)
+
∑
k∈J
µk
(
dyk −
∑
s∈I
yks dxs −
∑
l∈J
ykm+l dpm+l
)
,
for every j ∈ J and suitable λi,µk ∈ R (we have omitted the point σx where the exterior
derivatives are evaluated).
We obtain µj = 1 and µk = λi = 0 (k = j ). As a consequence,{
yjr = yjr, r ∈ I, j ∈ J,
yjm+h = 0, j, h ∈ J. (4.1)
This way, the local expression for the map γ is
q= (xi,pm+j ,pi, yj ,pir ,pim+j , yji, yjm+h = 0) → γ (q)= (xi, yj , yji). (4.2)
4.1.3. Condition (2) in Definition 3.1
If
q= (xi,pm+j ,pi, yj ,pir ,pim+j , yji, yjm+h = 0),
then p= γ (q)= (xi, yj , yji) and π1(q)=∑i∈I pi dxi +∑j∈J pm+j dyj . It follows that
π1(q) ∈ dxp if and only if
∑
pi dxi +
∑
pm+j dyj =
∑
κj
(
dyj −
∑
yji dxi
)
,i∈I j∈J j∈J i∈I
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pi =−
∑
j∈J
pm+j yji, i ∈ I. (4.3)
4.1.4. Condition (3) in Definition 3.1
By Lemma 2.1 and using the above coordinates, q ∈ J 1LT ∗M if and only if{
pir = pri , i, r ∈ I,
pim+j =−yji, i ∈ I, j ∈ J (4.4)
(the set of equations yjm+h = yhm+j are redundant because both sides vanish as seen
in (4.1)).
4.1.5. Definition Fˆ = γ−1(F)
Finally, let us suppose that the local equations of F are
Fα(xi, yj , yji)= 0, α ∈A, (4.5)
where the F ’s are differentiable functions and A denotes a finite set of indices. Then com-
bining (4.1)–(4.5) we obtain the local equations determining Fˆ :

yjm+h = 0, j, h ∈ J,
pi =−∑j∈J pm+j yji, i ∈ I,
pir = pri, i, r ∈ I,
pim+j =−yji, i ∈ I, j ∈ J,
Fα(xi, yj , yji)= 0, α ∈A.
(4.6)
Remark 4.5. Equations (4.1)–(4.4) (the first four sets of equations in (4.6)) provides us
with the local equations of Γ 1mM . This shows that Γ 1mM is a submanifold of J 1LM .
By taking into account that {xi,pm+j ,pi ,−yj } is a system of canonical coordinates,
and according to Section 2, we obtain
pi = ∂V
∂xi
, yj =− ∂V
∂pm+j
, i ∈ I, j ∈ J,
on the solutions of Fˆ , where V is a function of the variables xi , pm+j . In particular, the
third and fourth equations of (4.6) are automatically satisfied.
This way, with the system
Fα
(
xi, yj ,
∂yj
∂xi
)
= 0, α ∈A,
is associated the second order PDE system

∂2V
∂pm+j ∂pm+h = 0, j, h ∈ J,
∂V
∂xi
=−∑j∈J pm+j ∂2V∂xi∂pm+j , i ∈ I,
Fα
(
xi,− ∂V∂pm+j ,− ∂
2V
∂xi∂pm+j
)= 0, α ∈A.
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V =∑j pm+j φj (x1, . . . , xm) (up to an additive constant) and then yj =−φj (x1, . . . , xm).
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